The Hofstadter problem is studied on the hexagonal lattice. We first establish a relation between the spectra for the hexagonal lattice and for its dual lattice, the triangular lattice. Following the idea of Faddeev and Kashaev, we then obtain the Bethe-Ansatz equations for this system.
real hopping matrix, and θ ij corresponds to j i A( x) · d x, with A the vector potential and the integral is performed on a straight line between i and j. It thus satisfies θ ij = −θ ji . In the following, we consider the special case where the electrons hop between nearest neighbours only. We further assume that the system is invariant under translation, but not necessarily invariant under rotation.
The Hofstadter problem is a very interesting problem of theoretical physics, in particular due to its distinction between rational and irrational numbers. In the following, we only consider the rational case when the flux per elementary cell of the lattice is given by φ = 2π M N , where M and N are mutually prime integers.
For the hexagonal lattice, we can define two triangular sublattices A and B. Let s 1 , s 2 and s 3 denote the three vectors that connect a site of the sublattice A with its three nearest neighbours of the sublattice B, chosen in such a way that s 1 ∧ s 2 , s 2 ∧ s 3 and s 3 ∧ s 1 are in the opposite direction of the magnetic field. We have three hopping amplitudes t 
where the summation n is over the magnetic unit cell. We only need to consider the above region of the momentum, as in the rest of Brillouin zone, the situation can be mapped to this case.
With the Hamiltonian (1), the Schrödinger's equation yields the following equation for the coefficients u n corresponding to the energy E h :
At this point, we define the three vectors
which connect nearest neighbours of the sublattice A. Using the fact that:
with ǫ ijk the Levi-Civita symbol and φ the flux through elementary hexagons, we have:
where ω = e iφ .
Let us then consider the Hofstadter problem on the triangular lattice. 
where
With the above relations, one can now easily relate the energies of the hexagonal lattice to the ones of the triangular lattice:
where we have the following correspondances of the hopping parameters and of the momenta:
It is well known that the spectrum of any bipartite lattice is symmetric around zero. This can be understood from the fact that the Hamiltonian H can be transformed in −H through the following unitary transformation:
The hexagonal lattice is bipartite, while this is not the case for the triangular lattice. Therefore the spectrum on the hexagonal lattice is symmetric around zero and this property does not hold for the triangular lattice. This result is clearly seen with Eq.(9).
The duality relation expressed by Eq. (9) and Eq.(10) allow us to use directly the results of Faddeev and Kashaev [9] to find the Bethe-Ansatz equations for the hexagonal system. Let us recall briefly the results for the triangular lattice. Using a N 3 reducible representation, the Hilbert space is a tensor product of three subspaces, each of which has dimension N. A wavefunction can thus be written as
Then, introduce the following notation:
One also has
with i ∈ Z 3 . Here C is a constant complex number,
The eigenvalue equation for the projection Q(p) of an eigenvector | φ > on the Baxter's vector | p >, which corresponds to the point p = (x, ξ 0 , ξ 1 , ξ 2 ) on a curve in a four dimensional space, reads
where Λ(x) is related to the eigenvalue E t by
τ + and τ − are defined on the coordinates x, ξ 0 , ξ 1 , ξ 2 by
and
The zeros p k of Q(p) are given by the following Behte-Ansatz equation
The equations for the hexagonal lattice take the same form except that one has to introduce (10) into the definitions (13).
In the special case where the genus of the curve vanishes and N is odd (N = 2P + 1), one may simplify the above equations, so that they can be written out explicitly. This special case corresponds to the values of momenta:
, with q = ω 1/2 . The energy for the hexagonal lattice reads:
where the z l (l = 1, . . . , 2P ) are given by the Bethe-Ansatz equations:
In summary, we have developed the Bethe-Ansatz for the Hofstadter problem on the hexagonal lattice in this paper. An interesting duality is discovered between the hexagonal lattice and its dual partner (triangular lattice). Using this duality relation, we have written the Behte-Ansatz equations for the point of the magnetic Brillouin zone where the equations of Faddeev and Kashaev take an explicit form. Further work is necessary to obtain more information from these equations. 
